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CONSTRUCTING MODEL CATEGORIES WITH PRESCRIBED FIBRANT OBJECTS
ALEXANDRU E. STANCULESCU
Abstract. We present a weak form of a recognition principle for Quillen model categories due to J.H. Smith. We use
it to put a model category structure on the category of small categories enriched over a suitable monoidal simplicial
model category. The proof uses a part of the model structure on small simplicial categories due to J. Bergner. We give
an application of the weak form of Smith’s result to left Bousfield localizations of categories of monoids in a suitable
monoidal model category.
There are nowadays several recognition principles that allow one to put a Quillen model category structure on a
given category. For the purposes of this work we divide them into those that make use of the small object agument
and those that don’t. A recognition principle that makes use of the small object argument is the following theorem
of J.H. Smith.
Theorem 0.1. [2, Theorem 1.7] Let E be a locally presentable category, W a full accessible subcategory of Mor(E),
and I a set of morphisms of E. Suppose they satisfy:
c0 : W has the two out of three property.
c1 : inj(I) ⊂W.
c2 : The class cof(I) ∩W is closed under transfinite composition and under pushout.
Then setting weak equivalences:=W, cofibrations:=cof(I) and fibrations:=inj(cof(I)∩W), one obtains a cofibrantly
generated model structure on E.
We can say that (a) in practice, it is condition c2 above that is often the most difficult to check and (b) the result
gives no description of the fibrations of the resulting model structure. Another recognition principle that makes use
of the small object argument is a result of D.M. Kan [9, Theorem 11.3.1], [10, Theorem 2.1.19]. We can say that
Kan’s result gives a full description of the fibrations of the resulting model structure. In this paper we
(1) advertise (see Proposition 1.3) an abstraction of a technique due to D.-C. Cisinski [5, Proof of The´ore`me
1.3.22] and A. Joyal (unpublished, but present in his proof, circa 1996, of the model structure for quasi-categories)
that addresses both (a) and (b) above, in the sense that it makes c2 easier to check and it gives a partial description
of the fibrations of the resulting model structure—namely the fibrant objects and the fibrations between them are
described—provided that other assumptions hold, and
(2) give an application of this technique to the homotopy theory of categories enriched over a suitable monoidal
simplicial model category (see Theorem 2.3) and to left Bousfield localizations of categories of monoids in a suitable
monoidal model category (see Theorem 4.5).
The paper is organized as follows. In Section 1 we detail the above mentioned technique. The two out of six
property of a class of maps of Dwyer et al. [6] plays an important role. In Section 2 we prove that the category of
small categories enriched over a monoidal simplicial model category that satisfies some assumptions, admits a certain
model category structure. Our proof uses one result of the non-formal part of the proof of the analogous model
structure for categories enriched over the category of simplicial sets, due to J. Bergner [3]. We modify one of the
steps in Bergner’s proof; this modification is a key point in our approach and it enables us to apply the technique
from Section 1. We also fix (see Remark 2.8), in an appropiate way, a mistake in [16]. The idea to use the model
structure for categories enriched over the category of simplicial sets is due to G. Tabuada [18]. In Section 3 we extend
a result of R. Fritsch and D.M. Latch [8, Proposition 5.2] to enriched categories; this is needed in the proof of the
main result of Section 2. The section is self contained. Motivated by considerations from [12], we apply in Section
4 the technique from Section 1 to the study of left Bousfield localizations of categories of monoids. Precisely, let
LM be a left Bousfield localization of a monoidal model category M. We consider the problem of putting a model
category structure on the category of monoids in M, somehow related to LM.
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2 A. E. STANCULESCU
1. Constructing model categories with prescribed fibrant objects
We recall from [6] the following definitions. Let E be an arbitrary category and W a class of maps of E . W is said
to satisfy the two out of six property if for every three maps r, s, t of E for which the two compositions sr and ts are
defined and are in W, the four maps r, s, t and tsr are in W. W is said to satisfy the weak invertibility property if
every map s of E for which there exist maps r and t such that the compositions sr and ts exist and are in W, is itself
in W. The two out of six property implies the two out of three property. The converse holds in the presence of the
weak invertibility property.
The terminal object of a category, when it exists, is denoted by 1.
Let E be a locally presentable category and J a set of maps of E . Then the pair (cof(J), inj(J)) is a weak
factorization system on E [2, Proposition 1.3]. We call a map of E that belongs to inj(J) a naive fibration, and say
that an object X of E is naively fibrant if X → 1 is a naive fibration. We denote the class of naive fibrations between
naively fibrant objects by inj0(J).
Lemma 1.1. (D.-C. Cisinski, A. Joyal) Let E be a locally presentable category, (A,B) a weak factorisation system
on E, W a class of maps of E satisfying the two out of six property and J a set of maps of E.
(1) Suppose that cell(J) ⊂W. Then a map that has the left lifting property with respect to maps in inj0(J) belongs
to W.
(2) Suppose that cell(J) ⊂W and that inj0(J) ∩W ⊂ B. Then a map in A belongs to W if and only if it has the
left lifting property with respect to the maps in inj0(J). In particular, A∩W is closed under pushouts and transfinite
compositions.
(3) Suppose that cell(J) ⊂ A∩W and that inj0(J) ∩W ⊂ B. Then an object X of E is naively fibrant if and only
if the map X → 1 is in inj(A ∩W). Also, a map between naively fibrant objects is in inj(A ∩W) if and only if it is
a naive fibration.
Proof. (1) Let i : A → B be a map which has the left lifting property with respect to the naive fibrations between
naively fibrant objects. Factorize (see, for example, [2, Proposition 1.3]) the map B → 1 as B → B¯ → 1, where
B → B¯ is in cell(J) and B¯ is naively fibrant. Next, factorize the composite map A→ B¯ as a map A→ A¯ in cell(J)
followed by a naive fibration A¯→ B¯. The resulting commutative diagram
A //
i

A¯

B // B¯
has then a diagonal filler, and so the hypothesis and the two out of six property of W imply that i is in W.
(2) Let
A
u
//
i

X
p

B
v
// Y
be a commutative diagram with i in A ∩W and p in inj0(J). Factorize v as a map B → B¯ in cell(J) followed by
a naive fibration B¯ → Y . Next, factorize the canonical map A → B¯ ×
Y
X as a map A → A¯ in cell(J) followed by a
naive fibration A¯→ B¯ ×
Y
X . It suffices to show that the square
A //
i

A¯

B // B¯
has a diagonal filler. The map A¯ → B¯ is a naive fibration between naively fibrant objects. It also belongs to W
by the two out of three property, and so by hypothesis it is in B. Therefore the diagonal filler exists. The converse
follows from (1). Thus, in order to detect if an element of A is in W one can use the left lifting property with respect
to a class of maps, namely inj0(J). In particular, A ∩W is closed under pushouts and transfinite compositions.
(3) This is straightforward from (2). 
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Remark 1.2. One can make variations in Lemma 1.1. For example, the path object argument devised by Quillen
shows that the conclusion of (1) remains valid if instead of cell(J) ⊂W one requires that E has a functorial naively
fibrant replacement functor and every naively fibrant object has a naive path object. This new requirement implies
that cell(J) ⊂W.
The following result makes the connection between Smith’s Theorem and Lemma 1.1.
Proposition 1.3. Let E be a locally presentable category, W a full accessible subcategory of Mor(E) and I and J be
two sets of morphisms of E. Let us call a map of E that belongs to inj(J) a naive fibration, and an object X of E
naively fibrant if X → 1 is a naive fibration. Suppose the following conditions are satisfied:
c0 : W has the two out of three property.
c1 : inj(I) ⊂W.
nc0 : W has the weak invertibility property.
nc1 : cell(J) ⊂ cof(I) ∩W.
nc2 : A map between naively fibrant objects that is both a naive fibration and in W is in inj(I).
Then the triple (W, cof(I), inj(cof(I) ∩W)) is a model structure on E. Moreover, an object of E is fibrant if and
only if it is naively fibrant, and the fibrations between fibrant objects are the naive fibrations.
Proof. We shall use Theorem 0.1. All the assumptions of this result hold, except possibly condition c2. To check
that c2 holds we apply the last part of Lemma 1.1(2) to the weak factorization system (A,B) = (cof(I), inj(I)). It
follows that the triple (W, cof(I), inj(cof(I) ∩W)) is a model structure. The characterization of fibrant objects and
of the fibrations between fibrant objects is then a consequence of Lemma 1.1(3) applied to the weak factorization
system (cof(I), inj(I)). 
The following result is a variation of Proposition 1.3, essentially due to A.K. Bousfield [4, Proof of Theorem 9.3].
We leave the proof to the interested reader.
Proposition 1.4. Let E be a category that is closed under limits and colimits and let W be a class of maps of E that
has the two out of three property. If I and J are two sets of morphisms of E such that
(1) both I and J permit the small object argument [9, Definition 10.5.15],
(2) inj(I) ⊂W,
(3) cell(J) ⊂ cof(I) ∩W,
(4) inj0(J) ∩W ⊂ inj(I), and
(5) the class W is stable under pullback along maps in inj0(J),
then the triple (W, cof(I), inj(cof(I) ∩W)) is a right proper model structure on E. Moreover, an object of E is
fibrant if and only if it is naively fibrant, and the fibrations between fibrant objects are the naive fibrations.
Here is an application of Lemma 1.1. Let E be a locally presentable closed category with initial object ∅. We
denote by ⊗ the monoidal product of E and for two objects X,Y of E we write Y X for their internal hom. In the
language of Lemma 1.1 we have
Proposition 1.5. Let W be a class of maps of E having the two out of six property and let I and J be two sets
of maps of E. Suppose that the domains of the elements of I are in cof(I), that cell(J) ⊂ cof(I) ∩W and that a
map between naively fibrant objects which is both a naive fibration and in W is in inj(I). Then the following are
equivalent:
(a) for any maps A→ B and K → L of cof(I), the canonical map
A⊗ L ∪
A⊗K
B ⊗K → B ⊗ L
is in cof(I), which is in W if either one of the given maps is in W;
(b) for any maps A→ B and K → L of cof(I), the canonical map
A⊗ L ∪
A⊗K
B ⊗K → B ⊗ L
is in cof(I) and for every element A→ B of I and every naive fibration X → Y between naively fibrant objects, the
canonical map
XB → Y B ×Y A X
A
is a naive fibration between naively fibrant objects.
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Proof. The fact that the domains of the elements of I are in cof(I) means that for every element A → B of I, the
map ∅ → A is in cof(I) (and therefore so is ∅ → B).
We prove (a)⇒ (b). Let A→ B be an element of I, X → Y a naive fibration between naively fibrant objects and
C → D an element of J . A commutative diagram
C //

XB

D // Y B ×Y A X
A
has a diagonal filler if and only if its adjoint transpose
C ⊗B ∪
C⊗A
D ⊗A //

X

D ⊗B // Y
has one. The latter is true by Lemma 1.1(2) applied to the weak factorization system (cof(I), inj(I)). It follows that
XB → Y B ×Y A X
A is a naive fibration. A similar adjunction argument shows that XA → Y A and XB → Y B are
naive fibrations between naively fibrant objects, therefore Y B ×Y A X
A is naively fibrant.
We prove (b) ⇒ (a). Suppose first that A → B is an element of I and let K → L be a fixed map in cof(I) ∩W.
Then the canonical map
A⊗ L ∪
A⊗K
B ⊗K → B ⊗ L
is in W by Lemma 1.1(2) applied to the weak factorization system (cof(I), inj(I)) and an adjunction argument. Thus,
it suffices to show that the class of maps A′ → B′ of cof(I) such that
A′ ⊗ L ∪
A′⊗K
B′ ⊗K → B′ ⊗ L
is in cof(I)∩W is closed under pushout, transfinite composition and retracts. This is the case since by Lemma 1.1(2)
applied to the weak factorization system (cof(I), inj(I)) the elements of cof(I) which are in W can be detected by
the left lifting property with respect to a class of maps. 
2. Application: categories enriched over monoidal simplicial model categories
We denote by S the category of simplicial sets, regarded as having the standard model structure (due to Quillen).
We let Cat be the category of small categories. We say that an arrow f : C → D of Cat is an isofibration if for any
x ∈ Ob(C) and any isomorphism v : y′ → f(x) in D, there exists an isomorphism u : x′ → x in C such that f(u) = v.
The class of isofibrations is invariant under isomorphisms in the sense that given a commutative diagram in Cat
A //
f

B
g

C // D
in which the horizontal arrows are isomorphisms, the map f is an isofibration if and only if g is so.
2.1. Monoidal simplicial model categories. LetM be a monoidal model category with cofibrant unit. We recall
[10, Definition 4.2.20] that M is said to be a monoidal S-model category if it is given a Quillen pair F : S⇄M : G
such that F is strong monoidal. Since F is strong monoidal, G becomes a monoidal functor.
2.2. Classes of M-functors and the main result. LetM be a monoidal model category with cofibrant unit e. We
denote by M-Cat the category of small M-categories. If S is a set, we denote by M-Cat(S) (resp. M-Graph(S))
the category of small M-categories (resp. M-graphs) with fixed set of objects S. When S is a one element set {∗},
M-Cat({∗}) is the category Mon(M) of monoids in M. There is a free-forgetful adjunction
FS :M-Graph(S)⇄M-Cat(S) : US
We denote by εS the counit of this adjunction. Every function f : S → T induces an adjoint pair
f! :M-Cat(S)⇄M-Cat(T ) : f
∗
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If K is a class of maps of M, an M-functor f : A → B is said to be locally in K if for each pair x, y ∈ A of objects,
the map fx,y : A(x, y)→ B(f(x), f(y)) is in K.
We have a functor [ ]M : M-Cat → Cat obtained by change of base along the symmetric monoidal composite
functor
M // Ho(M)
Ho(M)(e,−)
// Set
Definition 2.1. Let f : A → B be a morphism in M-Cat.
1. The morphism f is a DK-equivalence if f is locally a weak equivalence of M and [f ]M : [A]M → [B]M is
essentially surjective.
2. The morphism f is a DK-fibration if f is locally a fibration of M and [f ]M is an isofibration.
3. The morphism f is called a trivial fibration if it is both a DK-equivalence and a DK-fibration.
4. The morphism f is called a cofibration if it has the left lifting property with respect to the trivial fibrations.
It follows from Definition 2.1 that (a) an M-functor f is a DK-equivalence if and only if Ho(f) is an equivalence
of Ho(M)-categories, and (b) an M-functor is a trivial fibration if and only if it is surjective on objects and locally
a trivial fibration of M. In particular, the class of DK-equivalences has the two out of three and weak invertibility
properties.
We denote by I the M-category with a single object ∗ and I(∗, ∗) = e. For an object X of M we denote by 2X
the M-category with two objects 0 and 1 and with 2X(0, 0) = 2X(1, 1) = e, 2X(0, 1) = X and 2X(1, 0) = ∅. When
M is cofibrantly generated, an M-functor is a trivial fibration if and only if it has the right lifting property with
respect to the saturated class generated by {∅ → I} ∪ {2X
2i→ 2Y , i generating cofibration of M}, where ∅ denotes
the initial object of M-Cat. We have the following fundamental result of J. Bergner.
Theorem 2.2. [3] The category S-Cat of simplicial categories admits a cofibrantly generated model structure in
which the weak equivalences are the DK-equivalences and the fibrations are the DK-fibrations. A generating set of
trivial cofibrations consists of
(B1) {2X
2j
−→ 2Y }, where j is a horn inclusion, and
(B2) inclusions I
δy
→ H, where {H} is a set of representatives for the isomorphism classes of simplicial categories
on two objects which have countably many simplices in each function complex. Furthermore, each such H is required
to be cofibrant and weakly contractible in S-Cat({x, y}). Here {x, y} is the set with elements x and y and δy omits
y.
Recall from [14, Definition 3.3] the monoid axiom. The main result of this section is
Theorem 2.3. Let M be a cofibrantly generated monoidal S-model category having cofibrant unit and which satisfies
the monoid axiom. Suppose furthermore that M is locally presentable and that a transfinite composition of weak
equivalences of M is a weak equivalence.
Then M-Cat admits a cofibrantly generated model category structure in which the weak equivalences are the DK-
equivalences, the cofibrations are the elements of cof({∅ → I} ∪ {2X
2i→ 2Y , i generating cofibration of M}), the
fibrant objects are the locally fibrant M-categories and the fibrations between fibrant objects are the DK-fibrations.
If the model structure on M is right proper, then so is the one on M-Cat.
Proof. We shall apply Theorem 0.1 via Proposition 1.3. We take E to be M-Cat and W to be the class of DK-
equivalences. The fact thatM-Cat is locally presentable can be seen in a few ways, one is presented in [13]. The fact
that the class of DK-equivalences is accessible follows essentially from the fact that the classes of weak equivalences
of M and of essentially surjective functors are accessible. We take I to be the set {∅ → I}∪ {2X
2i→ 2Y , i generating
cofibration of M}. Let
F : S⇄M : G
be the Quillen pair guaranteed by the definition. (F,G) induces adjoint pairs
F ′ : S-Cat⇄M-Cat : G′
and
F ′ : S-Cat(S)⇄M-Cat(S) : G′
for every set S. The first G′ functor preserves trivial fibrations and the M-functors which are locally a fibration.
The latter adjoint pair is a Quillen pair. Finally, we take J to be the set F ′(B2) ∪ {2X
2i→ 2Y , i generating trivial
cofibration of M}, where B2 is as in Theorem 2.2.
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Step 1. Conditions c0, c1 and nc0 from Proposition 1.3 were dealt with above.
Step 2. Since every map δy belonging to the set B2 from Theorem 2.2 has a retraction, one readily checks that an
M-category is naively fibrant if and only if it is locally fibrant. We claim that if anM-functor between locally fibrant
M-categories is a naive fibration, then it is a DK-fibration. To see this, let first M-Catf be the full subcategory of
M-Cat consisting of the locally fibrant M-categories. By [9, Proposition 8.5.16] we have a natural isomorphism of
functors
η : [ ]SG
′ ∼= [ ]M :M-Catf → Cat
such that for all A ∈M-Catf , ηA is the identity on objects: indeed, for each pair x, y ∈ A of objects we have natural
isomorphisms
[A]M(x, y) ∼= Ho(M)(e,A(x, y)) ∼= Ho(M)(F1,A(x, y)) ∼= Ho(S)(1, GA(x, y)) ∼= [G
′A]S(x, y)
Second, we use the following relaxed version of [3, Proposition 2.3]. Let f be a simplicial functor between categories
enriched in Kan complexes such that f is locally a Kan fibration. If f has the right lifting property with respect to
every element of the set B2, then f is a DK-fibration. (This is the only fact from [3] that we need.) These facts,
together with the observation that the class of isofibrations is invariant in Cat under isomorphisms, imply the claim.
It is now clear that condition nc2 from Proposition 1.3 holds.
Step 3. We check condition nc1 from Proposition 1.3. Let j : X → Y be a trivial cofibration of M. We show that
for every M-category A, in the pushout diagram
2X
2j
//

2Y

A // B
the map A → B is a DK-equivalence. Let S = Ob(A). This pushout can be calculated as the pushout
FSUSA //
εS
A

FSX

A // B
where USA → X is a certain map of M-graphs with fixed set of objects S. But then the map A → B is known to
be locally a weak equivalence of M, see [15, Proof of Proposition 6.3(1)].
We now claim that if δy : I → H is a map belonging to the set B2 from Theorem 2.2 and A is any M-category,
then in the pushout diagram
F ′I
a
//
F ′δy

A

F ′H // B
the map A → B is a DK-equivalence. We factorize the map δy as I
δ′y
−→ H′ → H, where the simplicial category H′
has {x} as set of objects and H′(x, x) = H(x, x), and then we take consecutive pushouts:
F ′I
a
//
F ′δ′y

A
j

F ′H′

// A′

F ′H // B
The map j can be obtained from the pushout diagram in M-Cat(Ob(A))
a!F
′I //
a!F
′δ′y

A
j

a!F
′H′ // A′
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where a! :Mon(M)→M-Cat(Ob(A)). By Lemma 2.4 the map δ′y is a trivial cofibration in the category of simplicial
monoids, therefore F ′δ′y is a trivial cofibration in the category of monoids in M. Since a! is a left Quillen functor, j
is a trivial cofibration in M-Cat(Ob(A)).
The map F ′H′ → F ′H is a full and faithful inclusion, so by Proposition 3.1 the map A′ → B is a full and faithful
inclusion. Therefore the map A → B is locally a weak equivalence of M. Applying the functor [ ]M to the diagram
F ′I
a
//
F ′δy

A

F ′H // B
and taking into account that F ′ preserves DK-equivalences and that Ob(B) = Ob(A) ∪ {∗}, it follows that A → B is
a DK-equivalence as well. The claim is proved.
So far we have shown that the pushout of a map from J along any M-functor is in cof(I)∩W. Since a transfinite
composition of weak equivalences of M is a weak equivalence, we readily obtain that cell(J) ⊂ cof(I) ∩W. Thus,
condition nc1 is checked.
Now, putting all the three steps together we obtain the desired model structure on M-Cat.
Step 4. Suppose thatM is right proper. Using the explicit construction of pullbacks inM-Cat, the description of
the fibrations between fibrant objects and [4, Lemma 9.4], we conclude that the model structure on M-Cat is right
proper. 
Lemma 2.4. Let A be a cofibrant simplicial category. Then for each a ∈ Ob(A) the simplicial monoid a∗A = A(a, a)
is cofibrant.
Proof. Let S = Ob(A). A is cofibrant in S-Cat if and only if it is cofibrant as an object of S-Cat(S). The cofibrant
objects of S-Cat(S) are characterized in [7, 7.6]: they are the retracts of free simplicial categories. Therefore it suffices
to prove that if A is a free simplicial category then a∗A is a free simplicial category for all a ∈ S. There is a full
and faithful functor ϕ : S-Cat → Cat∆
op
given by Ob(ϕ(A)n) = Ob(A) for all n ≥ 0 and ϕ(A)n(a, a′) = A(a, a′)n.
Recall [7, 4.5] that A is a free simplicial category if and only if (i) for all n ≥ 0 the category ϕ(A)n is a free category
on a graph Gn, and (ii) for all epimorphisms α : [m]→ [n] of ∆, α
∗ : ϕ(A)n → ϕ(A)m maps Gn into Gm.
Let a ∈ S. The category ϕ(a∗A)n is a full subcategory of ϕ(A)n with object set {a}, hence it is free as well. A
set Ga
∗
A
n of generators can be described as follows. An element of G
a∗A
n is a path from a to a in ϕ(A)n such that
every arrow in the path belongs to Gn and there is at most one arrow in the path with source and target a. The fact
that ϕ(a∗A)n is indeed freely generated by Ga
∗
A
n follows from Lemma 2.5 and its proof. Since every epimorphism
α : [m]→ [n] of ∆ has a section, α∗ maps Ga
∗
A
n into G
a∗A
m . 
Lemma 2.5. A full subcategory of a free category is free.
Proof. Let F (G) be a free category generated by a graph G = (G1 ⇒ G0). An arrow f of F (G) is a generator if and
only if f is indecomposable (f is not a unit and f = vu implies v or u is a unit). Let C be a full subcategory of F (G)
with Ob(C) = C0 ⊂ G0. If x, y ∈ C0, let us say that a path (x1, f1, ..., fn−1, xn) : x → y in the graph G is C0-free
if target(fi) /∈ C0 for 1 ≤ i < n. Let G
′
1 be the set of C0-free paths. It is easy to see that every arrow of C can be
uniquely written as a finite composition of C0-free paths, so that C is freely generated by the graph (G
′
1 ⇒ C0). 
Remark 2.6. The class of cofibrations of the model category constructed in Theorem 2.3 can be given an explicit
description [17, Section 4.2].
Remark 2.7. We noticed during the proof of Theorem 2.3 that our result is almost independent on Theorem 2.2,
only a relaxed version of [3, Proposition 2.3] being needed. In particular, taking M = S in Theorem 2.3 results in a
weaker version of Bergner’s result. However, using the fact that S has a monoidal fibrant replacement functor that
preserves fibrations, the full Theorem 2.2 can be recovered.
Remark 2.8. One can change the assumptions of Theorem 2.3 and the recognition principle used in its proof to
obtain a similar outcome. For example, let M be a cofibrantly generated monoidal S-model category having cofibrant
unit and which satisfies the monoid axiom. Suppose furthermore that
(a) a transfinite composition of weak equivalences of M is a weak equivalence,
(b) M satisfies the technical condition of [11, Theorem 2.1], and
(c) in the Quillen pair F : S⇄M : G guaranteed by the definition, the functor G preserves weak equivalences.
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Then [9, Theorem 11.3.1] can be used to show that M-Cat admits a cofibrantly generated model category structure
in which the weak equivalences are the DK-equivalences and the fibrations are the DK-fibrations. The proof proceeds
in th same way as the proof of Theorem 2.3, Step 3 remains unchanged but Step 2 requires suitable modifications.
Condition (b) can be relaxed, it was stated in this form in order to include examples such as compactly generated
spaces [11].
3. Pushouts along full and faithful functors
A result of R. Fritsch and D.M. Latch [8, Proposition 5.2] says that the pushout of a full and faithful functor is
full and faithful. The purpose of this section is to extend this result to categories enriched over a monoidal category.
Let (V ,⊗, I) be a cocomplete closed category. We denote by V-Cat the category of small V-categories and by
V-Graph that of small V-graphs. A V-functor, or a map of V-graphs, that is locally an isomorphism (Section 2.2)
is said to be full and faithful. If S is a set, we denote by V-Cat(S) (resp. V-Graph(S)) the category of small
V-categories (resp. V-graphs) with fixed set of objects S. The category V-Graph(S) is a monoidal category with
monoidal product S and unit which we denote by IS .
Proposition 3.1. Let A, B and C be three small V-categories and let i : A →֒ B be a full and faithful inclusion.
Then in the pushout diagram of V-categories
A
i
//
f

B
g

C
i′
// D
the map i′ : C → D is a full and faithful inclusion.
Proof. We shall construct D explicitly, as was done in the proof of [8, Proposition 5.2]. On objects we put Ob(D) =
Ob(C) ⊔ (Ob(B)−Ob(A)) and D(p, q) = C(p, q) if p, q ∈ Ob(C). For p ∈ Ob(C) and q ∈ (Ob(B)−Ob(A)) we define
D(p, q) =
∫ x∈Ob(A)
B(x, q)⊗ C(p, f(x))
For p ∈ (Ob(B)−Ob(A)) and q ∈ Ob(C) we define
D(p, q) =
∫ x∈Ob(A)
C(f(x), q)⊗ B(p, x)
For p, q ∈ (Ob(B)−Ob(A)) we define D(p, q) to be the pushout
∫ x∈Ob(A)
B(x, q)⊗ B(p, x) //

∫ x∈Ob(A) ∫ y∈Ob(A)
B(x, q)⊗ C(f(y), f(x))⊗ B(p, y)

B(p, q) // D(p, q)
We shall describe a way to see that, with the above definition, D is indeed a V-category.
Let (B − A)+ be the preorder with objects all finite subsets S ⊂ Ob(B) − Ob(A), ordered by inclusion. For
S ∈ (B − A)+, let AS be the full sub-V-category of B with objects Ob(A) ∪ S. Then B = lim
(B−A)+
AS . On the other
hand, a filtered colimit of full and faithful inclusions of V-categories is a full and faithful inclusion. This is because
the forgetful functor from V-Cat to V-Graph preserves filtered colimits [13, Corollary 3.4] and a filtered colimit of
full and faithful inclusions of V-graphs is a full and faithful inclusion. Therefore one can assume from the beginning
that Ob(B) = Ob(A) ∪ {q}, where q 6∈ Ob(A).
Case 1: f is full and faithful. In this case the pushout giving D(q, q) is simply B(q, q), all the other formulas
remain unchanged. Then to show that D is a V-category is straightforward.
Case 2: f is the identity on objects. The map i induces an adjoint pair
i! : V-Cat(Ob(A))⇄ V-Cat(Ob(B)) : i
∗
One has
i!A(a, a
′) =


A(a, a′), if a, a′ ∈ Ob(A),
∅, otherwise,
I, if a = a′ = q,
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and i factors as A → i!A → B, where i!A → B is the obvious map in V-Cat(Ob(B)). Then the original pushout can
be computed using the pushout diagram
i!A //
i!f

B

i!C // D
in V-Cat(Ob(B)). Next, we claim thatD can be calculated as the pushout, in the category BModB of (B,B)-bimodules
in
(V-Cat(Ob(B)),Ob(B), IOb(B))
of the diagram
Bi!AB
Bi!Ai!fi!AB
//

Bi!Ai!Ci!AB
m

B // D
For this we have to show that D is a monoid in BModB. We first show that Bi!Ai!Ci!AB is a monoid in BModB.
There is a canonical isomorphism
i!Ci!Ai!C
∼= i!Ci!ABi!Ai!C
of (i!A, i!A)-bimodules which is best seen pointwise, using coends. This provides a multiplication for Bi!Ai!Ci!AB
which is again best seen to be associative by working pointwise, using coends. To define a multiplication for D
consider the cube diagrams
B · i!A · B ·B B · i!A · B //
**❯❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯

B ·B B · i!A · B
**❯❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯

B · i!C · B ·B B · i!A · B //

D ·B B · i!A · B

B · i!A · B ·B B · i!C · B //
**❯❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
B ·B B · i!C · B
**❯❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
B · i!C · B ·B B · i!C · B // D ·B B · i!C · B
and
B ·B B · i!A · B //
((❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘

B ·B B
((◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗

D ·B B · i!A · B //

D ·B B

B ·B B · i!C · B //
((❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
B ·B D
((◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
D ·B B · i!C · B // D ·B D
For space considerations we have suppressed tensors (always over i!A, unless explicitly indicated) from notation. The
right face of the first cube is the same as the left face of the latter cube. Let PO1 (resp. PO2) be the pushout of
the left (resp. right) face of the first cube diagram. Let PO3 be the pushout of the right face of the second cube
diagram. We have pushout digrams
PO1 //

PO2 //

PO3

B · i!C · B ·B B · i!C · B // D ·B B · i!C · B // D ·B D
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Using these pushouts and the fact that Bi!Ai!Ci!AB is a monoid one can define in a canonical way a map
µ : D ·BD → D. We omit the long verification that µ gives D the structure of a monoid. The map µ was constructed
in such a way that m becomes a morphism of monoids. The fact that D has the universal property of the pushout
in the category V-Cat(Ob(B)) follows from its definition.
Case 3: f is arbitrary. Let u = Ob(f). We factorize f as A
fu
→ u∗C → C, where Ob(u∗C) = Ob(A), u∗C(a, a′) =
C(fa, fa′) and fu is the obvious map, and take consecutive pushouts:
A
i
//
fu

B

u∗C

// A′

C // D
Now apply Case 2 to fu and Case 1 to u∗C → C. 
4. Application: left Bousfield localizations of categories of monoids
This section was motivated by the paragraph ‘As we mentioned above,...in general.’ on page 111 of [12].
4.1. The problem. LetM be a (suitable) monoidal model category, LM a left Bousfield localization ofM which is
itself a monoidal model category and Mon(M) the category of monoids inM. The problem is to induce on Mon(M)
a model category structure somehow related to LM. As pointed out in [12], such a model structure exists if, for
example, (a) LM satisfies the monoid axiom or (b) Mon(M) has a suitable left proper model category structure. In
order for (a) to be fulfilled one needs to know the (generating) trivial cofibrations of LM. However, it often happens
that one does not have an explicit description of them. For (b), the category of monoids in a monoidal model category
is rarely known to be left proper (it is left proper when the underlying model category has all objects cofibrant, for
instance, which seems to us too restrictive to work with).
4.2. Our solution. We shall propose below a solution to the above problem. We shall reduce the verification of
the monoid axiom for LM to a smaller—and hopefully more tractable in practice, set of maps and we shall avoid
left properness by using Theorem 0.1 via Proposition 1.3. The model category theoretical framework will be the
‘combinatorial’ counterpart of the one of [12, Section 8].
It will be clear that the method could potentially be applied to other structures than monoids.
4.2.1. Recollections on enriched left Bousfield localization. We recall some facts from [1]. Let V be a monoidal model
category and M a model V-category with tensor, hom and cotensor denoted by
− ∗ − : V ×M→M
Map(−,−) :Mop ×M→ V
(−)(−) : Vop ×M→M
Let S be a set of maps of M between cofibrant objects.
Definition 4.1. A fibrant object W of M is S-local if for every f ∈ S the map Map(f,W ) is a weak equivalence
of V. A map f of M is an S-local equivalence if for every S-local object W and for some (hence any) cofibrant
approximation f˜ to f , the map Map(f˜ ,W ) is a weak equivalence of V.
In the previous definition, if the map Map(f˜ ,W ) is a weak equivalence of V , then for any other cofibrant approx-
imation g˜ to f , the map Map(g˜,W ) is a weak equivalence of V [9, Proposition 14.6.6(1)].
Theorem 4.2. [1] Let V be a combinatorial monoidal model category, M a left proper, combinatorial model V-
category and S a set of maps of M between cofibrant objects. Suppose that V has a set of generating cofibrations with
cofibrant domains.
Then the category M admits a left proper, combinatorial model category structure, denoted by LSM, with the class
of S-local equivalences as weak equivalences and the same cofibrations as the given ones. The fibrant objects of LSM
are the S-local objects. LSM is a model V-category.
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Suppose that, moreover, M is a monoidal model V-category which has a set of generating cofibrations with cofibrant
domains. Let us denote by ⊗ the monoidal product on M. If X ⊗ f is an S-local equivalence for every f ∈ S and
every X belonging to the domains and codomains of the generating cofibrations of M, then LSM is a monoidal model
V-category.
4.2.2. The S-extended monoid axiom. Let V be a monoidal model category and M a monoidal model V-category
with monoidal product ⊗ and tensor, hom and cotensor denoted as in 4.2.1. If i : K → L is a map of V and
f : A→ B a map of M, we denote by i ∗′ f the canonical map
L ∗A ∪
K∗A
K ∗B → L ∗B
Let S be a set of maps of M between cofibrant objects. For every f ∈ S, let f = vfuf be a factorization of f as a
cofibration uf followed by a weak equivalence vf ; a concrete one is the mapping cylinder factorization.
Definition 4.3. We say that M satisfies the S-extended monoid axiom if, in the notation of [14, Section 3], every
map in
({trivial cofibrations of M} ∪ ({cofibrations of V} ∗′ uf )f∈S)⊗M-cofreg
is an S-local equivalence.
As usual [14, Lemma 3.5(2)], if V and M are cofibrantly generated and every map in
({generating trivial cofibrations of M} ∪ ({generating cofibrations of V} ∗′ uf )f∈S)⊗M-cofreg
is an S-local equivalence, then the S-extended monoid axiom holds.
Let Mon(M) be the category of monoids in M and let
T :M⇄Mon(M) : U
be the free-forgetful adjunction.
Definition 4.4. A monoid M in M is TS-local if U(M) is S-local. A map f of monoids in M is a TS-local
equivalence if U(f) is an S-local equivalence.
Theorem 4.5. Let V be a combinatorial monoidal model category having a set of generating cofibrations with cofibrant
domains. Let M be a left proper, combinatorial monoidal model V-category which has a set of generating cofibrations
with cofibrant domains. Let us denote by ⊗ the monoidal product on M. Let S be a set of maps of M between
cofibrant objects. Suppose that X⊗ f is an S-local equivalence for every f ∈ S and every X belonging to the domains
and codomains of the generating cofibrations of M and that M satisfies the S-extended monoid axiom.
Then the category Mon(M) admits a combinatorial model category structure with TS-local equivalences as weak
equivalences and with T ({cofibrations of M}) as cofibrations. The fibrant objects are the TS-local objects.
Proof. We shall apply Theorem 0.1 via Proposition 1.3. We take E to be Mon(M), W to be the class of TS-local
equivalences, I to be the set T ({generating cofibrations of M}) and J to be
T ({generating trivial cofibrations of M} ∪ {generating cofibrations of V ∗′ uf}f∈S)
Notice that a map g of monoids in M belongs to inj(T ({generating cofibrations of M})) if and only if U(g) belongs
to inj({generating cofibrations of M}) if and only if U(g) is a trivial fibration of M. Therefore condition c1 from
Proposition 1.3 holds.
We claim that a monoid M in M is naively fibrant if and only if M is TS-local. We may assume without loss
of generality that U(M) is fibrant. We observe that if i is any map of V and f ∈ S, then M has the right lifting
property with respect to T (i ∗′ uf ) if and only if Map(uf , U(M)) has the right lifting property with respect to i.
Since Map(vf , U(M)) is a weak equivalence of V and Map(uf , U(M)) is a fibration of V , the claim follows from this
observation.
Let now g be a map of monoids in M between TS-local monoids such that g is both a TS-local equivalence and
a naive fibration. Then U(g) is an S-local equivalence between S-local objects, so U(g) is a weak equivalence. U(g)
is also a fibration, therefore condition nc2 from Proposition 1.3 holds.
Condition nc1 from Proposition 1.3 is guaranteed by the S-extended monoid axiom and [14, Proof of Lemma
6.2]. 
Acknowledgements. We are deeply indebted to Andre´ Joyal for many useful discussions and suggestions.
12 A. E. STANCULESCU
References
[1] C. Barwick, On left and right model categories and left and right Bousfield localizations, Homology, Homotopy Appl. 12 (2010), no.
2, 245–320.
[2] T. Beke, Sheafifiable homotopy model categories Math. Proc. Cambridge Philos. Soc. 129 (2000), no. 3, 447–475.
[3] J. Bergner, A model category structure on the category of simplicial categories, Trans. Amer. Math. Soc. 359 (2007), no. 5, 2043–2058
(electronic).
[4] A. K. Bousfield, On the telescopic homotopy theory of spaces, Trans. Amer. Math. Soc. 353 (2001), no. 6, 2391–2426 (electronic).
[5] D.-C. Cisinski, Les pre´faisceaux comme mode`les des types d’homotopie, (French) [Presheaves as models for homotopy types]
Aste´risque No. 308 (2006), xxiv+390 pp.
[6] W. G. Dwyer, P. S. Hirschhorn, D. M. Kan, J. H. Smith, Homotopy limit functors on model categories and homotopical categories,
Mathematical Surveys and Monographs, 113. American Mathematical Society, Providence, RI, 2004. viii+181 pp.
[7] W. G. Dwyer, D. M. Kan, Simplicial localizations of categories, J. Pure Appl. Algebra 17 (1980), no. 3, 267–284.
[8] R. Fritsch, D. M. Latch, Homotopy inverses for nerve, Math. Z. 177 (1981), no. 2, 147–179.
[9] P. S. Hirschhorn, Model categories and their localizations, Mathematical Surveys and Monographs, 99. American Mathematical
Society, Providence, RI, 2003. xvi+457 pp.
[10] M. Hovey, Model categories, Mathematical Surveys and Monographs, 63. American Mathematical Society, Providence, RI, 1999.
xii+209 pp.
[11] M. Hovey, Monoidal model categories, Preprint, 14 pages, 1998. Available at the author’s homepage.
[12] M. Hovey, Spectra and symmetric spectra in general model categories, J. Pure Appl. Algebra 165 (2001), no. 1, 63–127.
[13] G. M. Kelly, S. Lack, V -Cat is locally presentable or locally bounded if V is so, Theory Appl. Categ. 8 (2001), 555–575 (electronic).
[14] S. Schwede, B. E. Shipley, Algebras and modules in monoidal model categories, Proc. London Math. Soc. (3) 80 (2000), no. 2,
491–511.
[15] S. Schwede, B. E. Shipley, Equivalences of monoidal model categories, Algebr. Geom. Topol. 3 (2003), 287–334 (electronic).
[16] A. E. Stanculescu, On the homotopy theory of spectral categories, arXiv:0805.2602 [math.AT], 2008.
[17] A. E. Stanculescu, Bifibrations and weak factorisation systems, Applied Categorical Structures 20 (2012), no. 1, 19–30.
[18] G. Tabuada, Homotopy theory of spectral categories, Adv. Math. 221 (2009), no. 4, 1122–1143.
Department of Mathematics and Statistics,
Masaryk University, Kotla´rˇska´ 2,
611 37 Brno, Czech Republic
E-mail address: stanculescu@math.muni.cz
